Notation. In the following, R denotes the set of real numbers, and N denotes
the set of natural numbers {1,2,3,...}. For an element g of a group G, o(g)
denotes the order of g in G. For a set A, |A| denotes its cardinality.

(1) Let V be a finite dimensional vector space and let W be a proper subspace
of V. Let W' be another subspace of V such that V. =W & W', ie. V =
Span(WUW’) and WNW' = {0}. Let T : V — V be an invertible linear map
such that T (W) € W. Which of the following statements is necessarily true?

(a) T(W') € W'
(b) W' € T(W").
(c) T(W') N W = {0}.
(d) W' C Ker(T).

(2) Let V be a finite dimensional real vector space, and let T': V' — V be a
linear map such that Range(T") = Ker(T"). Which of the following statements
is not necessarily true?

(a) T'=0.

(b) T? = 0.

(c) 0 is an eigenvalue of T

(d) All eigenvalues of T" are equal to 0.

(3) Consider the vector space R™ equipped with the Euclidean metric d defined
by

n 1/2

d(z,y) = (Z(fvz - yz‘)2> :
i=1

Let W be a proper subspace of R". Which of the following statements is

necessarily true?

(a) W is closed.

(b) W is open.

(¢) W is not closed.

(d) W is neither closed nor open.

(4) Let A be a 5 x 5 real matrix. If A = (a;;), let A;; denote the cofactor of
the entry a;;, for 1 <i,j < 5. Let A denote the matrix whose (i, j)-th entry
is A;j, 1 <4,7 < 5. Suppose the rank of A is 3. What is the rank of A?

(a) 1
(b) 3
()5
(d) 0



(5) For n > 2, the determinant of the n x n permutation matrix

0 0 1
0 0 1 0
0 1

1
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(6) Let My(R) denote the vector space of all 2 x 2 matrices over the field of

real numbers, i.e.
M (R) - L a b & d S R
2 C d ’ B ’

Let S C M>(R) be the subspace defined by

S:{<‘cl Z) € My(R) : a+c:0}.

Then the dimension of S is

(a) 1
(b) 2
(c) 3
(d) 4
(7) Let V be a finite dimensional real vector space of dimension n > 1 and let

W C V be a subspace of dimension n—1. A linear map from V to R is called a
linear functional on V. Which of the following statements is necessarily true?

(a) There does not exist any linear functional on V' such that W is the kernel
of that linear functional.

(b) W is the kernel of a unique linear functional on V.

(¢) W is the kernel of a linear functional on V.

(d) There exists a non-zero linear functional on V' whose kernel strictly con-
tains W.



(8) Let < .,. >, denote the standard inner product on the vector space R",
le.
n
<T,Y Sa= Y Tiy;
i=1
for vectors x,y € R"™. Let T : R® — R™ be a linear map such that

<Tz, Ty >p=< 2,y >n

for all x,y € R™. Which of the following statements is necessarily true?

(a) n > m.
(b) n < m.
(¢) n =m.
(d) The map T is onto.

(9) Let V be a finite dimensional real inner product space, and let T : V' — V
be a linear map such that < Tz, Ty >=< x,y > for all x,y € V. Suppose
W C V is a proper subspace of V' such that T(W) C W. Define a subspace
W of V by

Wh={veV| <v,w>=0 forallwe W},

Which of the following statements is necessarily true?

(a) T(W+) is not contained in W+,
(b) T(W+) is contained in W+.

(c) T(WH) W+ = {0}.

(d) W+ is contained in T(W+).

(10) Let R be a ring with unit such that a®> = a for all a € R. Which of the
following statements is not necessarily true?

a) ab = —ba for all a,b € R.
b) a = —a for all a € R.

(
(
(¢) R is commutative.

(d) R ={0,1}.

(11) Let S be a nonempty set, and let P(S) be the power set of S, i.e. P(S) =
{A|A C S}. Define a binary operation A on P(S) by AAB := (AUB)\(ANB)
for A, B € P(S). Which of the following statements is necessarily true?

(a) (P(95),A) is not a group as A is not associative.
(b) (P(S),A) is not a group as there is no identity.
(c) (P(S),A) is an abelian group.

(d) (P(S),A) is a non-abelian group.



(12) Let I, Iy be ideals of a commutative ring R. Define the set
L+ 1= {a+ b|a el,be IQ}.

Which of the following statements is not necessarily true?

(a) Iy + I3 is an ideal of R.

(b) L, + I

(C) |Il —|—IQ| = |Il| + ‘12| if R is finite.

(d) ‘Il —|—Ig’ = |Il‘ . ’IQ‘ ifhLHNly = {O} and R is finite.

(13) Let I be an ideal of a commutative ring R. Define the set
VT := {a € R| There exists n > 1 such that " € I'}.

Which of the following statements is necessarily true?

(a) VT is an ideal.

(b) /T is not an ideal.

(c) VI=1.

() VIcI

(14) How many non-isomorphic groups are there of order 157
(a) 1

(b) 2

(c) 3

(d) 5

(15) Suppose G is a group and a,b € G. Which of the following statements is
necessarily true?

(a) There exists a positive integer n such that o' = b".
(b) (ab)~! =a" b1

(c) o(ab) = o(ba).
(

d) None of the above statements is necessarily true.

(16) Let Hy, Hy be distinct subgroups of a finite abelian group G. Define the
subgroup HyHy by HyHy = {hihs| hy € Hy,hy € Ha}.
Which of the following statements is necessarily true?

a) |G| < [Hi| + [Hal.

b) |G/(H1 N Ha)| = |G/Hy| - |G/Hz|.
¢) |G/Hi| = |G/Hs| - |Hz/(H1 N Ha)|.
d) [(H1Hz)/Hy| = |Ha/(H1 N Hz)|.

A~ S



(17) Let p > 3 be a prime number and let S}, denote the symmetric group on
p symbols. How many p-Sylow subgroups are there in S,?

(a) 1.
(b) p.

(c) 2.

(d) (p—2).

(18) Let R be a commutative ring with unit and let

N = {a € R| a" = 0 for some integer n > 0}.

Which of the following statements is necessarily true?

(a) Any prime ideal of R contains N.
(b) N is not an ideal.

(c) N is a prime ideal.

(d) N = {0}.

(19) Let f : R — R be twice continuously differentiable, and suppose lim,_,~ f”(z) =
1. Which of the following statements is necessarily true?

(a) limy 00 fg) 1

(b) limg_00 % does not exist.
(¢) limy—s00 % = 2.

(d) Timg e L2 = 1/2.

(20) Let f, : [0,1] — R be defined by f,(x) = (cos(wz))?*". Which of the
following statements is true?

(a) The sequence {f,} converges uniformly on [0, 1].

(b) The sequence { f,,} converges pointwise on [0, 1] to a function f such that
f has exactly one point of discontinuity.

(c) The sequence { f,} converges pointwise on [0, 1] to a function f such that
f has exactly two points of discontinuity.

(d) The sequence { f,} does not converge pointwise on [0, 1].



(21) Let f:[—1,1] — R be a continuous function such that

/1 f(z)z*dz =0
-1

for all n > 0. Which of the following statements is necessarily false?
(a) fl fodZL‘:fllf(—ZCZ

(b) (supxe[ 1 F(@)) + (infee 10 f()) = 0.

(c) f(0) #

(d) f(1/2)f ( 1/2) <0.

(22) Let f : R — R be a continuous function such that f(x + 1) = f(z) + 1
for all x € R. Which of the following statements is necessarily false?

d) limg e L& = 400 for all € > 0.

(23) Let {0, 1} denote the set of all sequences {x,} such that z,, € {0,1} for
all n > 1. Define a map f: {0,1}N — R by

o0

) =328

n=1
Which of the following statements is true?

(a) The map f is one-to-one and onto from {0, 1} to [0, 1].
(b) The map f is one-to-one and onto from {0, 1} to [0, 1).
(c) The map f is onto from {0,1} to [0,1] and |f~1(1/2)| =
(d) The map f is onto from {0,1}N to [0,1] and [f~1(1)| = 2

(24) Let f : [0,00) — R be a monotone increasing function, and define f, :
[0,00) — R by
fn(.ilf) = f(.’E +n)v S [0,00)

for all n > 1. Suppose that for some zy € [0,00), the limit lim, oo frn(20)
exists. Which of the following statements is necessarily false?

(a) The sequence { f,} converges pointwise on [0, c0).
(b) The sequence { f,} converges uniformly on [0, co).
(c) The limit lim, o f(x) exists.

(d) The function f is unbounded on [0, c0).



(25) Let X,Y be sets and let f : X — Y be a function. Let {S;};cs be a family
of subsets of X, i.e. S5; C X for all ¢ € I, where [ is an index set. Which of
the following statements is not necessarily true?

(a) f(UierSi) C Uier f(S:).
(b) f(UierSi) D Uier f(S:).
(c) f(NierSi) C NMicr f(S5).
(d) f(NierSi) D Nier f(S:).
(26) Let S be the set of all those nonnegative real numbers « with the fol-
lowing property: if {x,} is a sequence of nonnegative real numbers such that
>0 xn < +00, then we also have Y | \ﬁ? < 400. Which of the following
statements is true?

(a) S =10.
(b) S D (1/4,00).
(c) S D (1/2,00).
(d) S C (3/4,00).

(27) Let X be a finite set. Let P(X) be the power set of X, i.e. the set whose
elements are all subsets of X. Which of the following defines a metric on the
power set P(X)?

(a) d(V, W) = |[(VUW)\ (VN W)
(b) d(V, W) = |V A W]|.
() d(V, W) = [V \ W]|.
(d) d(V, W) = |V UW]|.



(29) Consider the following statements:
(i) If >, an and ), b, are convergent, then ) a,b, is convergent.
(

ii) If >, a, is convergent and ), b, is absolutely convergent, then > a,b,
is absolutely convergent.

(iii) If a,, > 0 for all n, >, a, is convergent, and {b,} is a bounded sequence,
then ) anby is absolutely convergent.

Which of the following statements is true?

(a) All of the statements (i), (ii), (iii) are true.

(b) Statement (ii) is true but statement (iii) is false.
(¢) Only statements (i) and (iii) are true.

(d) Only statements (ii) and (iii) are true.

(30) Consider the metric space (N = NU{oo}, d), where the metric d is defined
by d(m,n) = |+ — 1| for m,n €N, and d(n,00) = 1/n forn € N. Let f: N —
R be a continuous function between metric spaces (where R is equipped with
its usual metric). Which of the following statements is necessarily false?

(a) The metric space N is compact.

(b) The function f is unbounded.

(c) The function f is uniformly continuous.

(d) For any z € R, the set f~1({z}) is compact.



