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Group A

Mathematics

1. (a) Let W be the vector space of all linear transformations from
R? — R?, that maps the line y = 2z to itself. What is the
dimension of W7

(b) Construct a 3 x 3 non-zero matrix N such that N3 = O, but
N # O & N? # O, where O is a 3 x 3 null matrix. Show
that each eigenvalue of N is zero.

(c) Let W = {X1, Xy, ..., X10} € R' such that,
Xn+2 = Xn+1 + Xna n > 1.

Find the dimension of the set W.

(d) Find the set of values of = such that log; =2 < 0.
[64+6+6+6 = 24]
2. (a) The following system of equations
x = (sinf)y + (cosh)z
y =2+ (cosf)x
z = (sinf)r +y

has a nontrivial solution, for 0 < 6§ < 7. Find the value of
460
-

(b) Suppose n is an odd positive integer and

a a a
b S+ —2— et a, =0,
n+1 n n-—1
where ag, aq, - - -, a, are real numbers. Show that the poly-
nomial

apx™ +az" - 4+a, =0

has a real root in [0, 1].



(¢) A cubic polynomial f(x) vanishes at x = —2 and has local
minimum and maximum at r = —1 and z = % respectively.

It

IR

find f(z).
[8-+8+8=24]

Probability € Statistics

3. (a) The random variables (X,Y’) have joint probability mass
function

PX =uz2Y=y) =

r=0,1,..., y=0,1,... 2.

Find the conditional distribution of Y given X = x. Identify
the distribution. Find E(Y|X = z).

(b) The random variables (X7, X5, X3) have the joint distribu-
tion with mean (0,0,0)" and variance-covariance matrix

1 05 0.8
=105 1 055
0.8 0.55 1

Find the correlation coefficient between X+ X5 and Xo—Xj5.

(c¢) Consider an experiment involving two dice. One is a stan-
dard die with faces numbering from 1 to 6. The other die
has three ones and three fours. Find the probbaility of get-
ting two fours from the following experiment:“Toss a fair



coin; roll the standard die four times if head appears and
the other die four times if tail appears”.

[(6+2+2) + 6 + 8 =24

Suppose that Xi;,..., X3, and Xy,..., Xy,, are indepen-
dent random samples from normal distributions with respec-
tive unknown means j; and pp and variances o2 and 202,

(i) Find the maximum likelihood estimators of juy, pe and

o

(ii) Derive a 100 x (1 — )% confidence interval for py + po.

Consider a two-way classification model

Yij = M+ o+ B+ ey,
where €;; ~ 1.i.d. N(0,0%),7i=1,2,3 and j =1,2.
(i) Derive the best linear unbiased estimator of a; — .

(ii) Derive a test for the hypothesis oy = as.

[(T+7) + (446) = 24]

Group B

Operations Research

5. (a) Formulate a two-person zero-sum game as a linear program-

ming problem using minimax theorem.

(b) Find the maximum and minimum distance of the curve 322+

4y + 6y% = 140 from the the origin.



(c¢) Suppose that S C R" is a convex set, and f : S — R.
Let the epigraph of the function f be defined as epi (f) =
{(z,y):y > f(x),z € S,y € R} C R""'. Show that f is a
convex function if epi (f) is a convex set. Is the converse
true? Justify.

[6+8+(6-+4)= 24]

6. (a) Which of the following sets are convex? - Justify.
(1) X = {(21,72) € R*| 922 + 422 > 36}
(ii) X = {(21,22) € R* | 125 > 0}
(iil) X = {(21,72) € R* | 21 + 275 < 5}
(iv) X = {(21,22) € R* | |1] + |a2| > 1}

(b) Consider the linear programming problem

Maximize — ax; + 2o
subject to 1+ 12y < 2
1+ 3r2 <
T1,x2 > 0.

If (2,0) is the only optimal solution, find the range of a.

(c¢) Find the number of optimal solution(s) of the linear pro-
gramming problem with justification

Maximize z =4x; + 6z9
subject to x1 + 12 < 8
21 + 35 > 18
z; > 0
To 1s unrestricted.

[6+8+10 = 24]



Reliability

7. Consider a series system with two components C; and C5 with
respective lifetimes T} and T5. The joint density function of T}
and Ty is given by

1
[t te) = gtlef(tﬁh)/?, ty > 0,t3 > 0.

(i) Find the reliability function of the system. Hence or other-
wise find the mean lifetime of the system.

(ii) Check whether the system lifetime distribution is IFR.

[(124+4)+8 = 24]

8. (a) Twenty identical units were placed on a life test until ten
failures were observed. The following failure times (in hours)
were observed

59,20, 35, 95, 40, 100, 5, 15, 70, 65

Suppose the lifetimes of the units follow independent and
identical exponential distribution.

(i) Find the maximum likelihood estimate (MLE) of the
mean time to failure of the units.
(ii) Find the MLE of reliability of a unit at 150 hours.

(b) Consider a system with five components A, B,C, D and E.
The reliability block diagram of the system is given below.
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(i) Find the minimal path sets and the minimal cut sets.

(ii) Write the structure function of the system using either
the minimal path sets or the minimal cut sets.

Consider two repairable systems (System 1 and System 2)
whose failures occur according to independent Poisson pro-
cesses with respective rates \; and Ay. Given that a total of n
failures have occurred in the interval [0, ¢], find the expected
number of failures of System 1 in [0, ¢].

[(642)+(4+4) +8 =24]

Statistical Quality Control

9.

(a)

Describe the data collection procedure for maintaining the
average and range control charts to be used for monitoring
a quality characteristic of a manufacturing process. Also,
describe the procedure for computation of control limits for
these two charts.

Discuss type I and type II errors related to control chart.
What are the practical implications of these errors in the
process?

Consider an injection molding process producing a particular
type of plastic part. A control chart is used to control the
proportion non-conforming parts. Suppose k samples each of
100 parts are selected from the process. The average number

of non-conforming items in k samples together is observed
as 10.

(i) Find the three-sigma control limits for the proportion
non-conforming chart.



10. (a)

()

(ii) Suppose that maximum 10% non-conforming parts can
be allowed in any sample of 100 parts. Give your opin-
ion with reasons whether the molding process can be
considered as capable or not.

[(44+4)+(4+4)+(4+4) =24]

Assume that a quality characteristic X follows a Weibull
distribution with scale parameter o« and shape parameter f3.
The upper and lower specification limits on X are specified
as U and L, respectively.

(i) Find the probability of non-conformances.

(ii) Find the generalized process capability indices C, and
Chk.-

Describe the working procedure of single and double sam-
pling plans for attributes. Discuss the relative advantages
and disadvantages of a double sampling plan with respect to
a single sampling plan.

Describe briefly EWMA control chart.
[(4+4)+(646)+4 =24]

Quality Management

11. (a)

(b)

Describe the quality management system initially known as
QS 9000 and currently known as IATF 16949.

Explain Taguchi’s definition of ‘Quality’” with an example.

(¢) Which component of Cost of Quality has significant impact

on profitability of the organisation? Explain.
[T+5+12=24]



12. (a) Explain the role of Measurement System Analysis (MSA) in
Six Sigma DMAIC Methodology.

(b) What are the different phases of Six Sigma DMAIC method-
ology where control chart can be used? Explain the objec-
tives of using control chart in each of these phases.

[12+12=24]




